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ABSTRACT
We propose a novel procedure for handling processes that involve unstable intermediate parti-
cles. By using gauge-invariant effective Lagrangians it is possible to perform a gauge-invariant
resummation of (arbitrary) self-energy effects. For instance, gauge-invariant tree-level ampli-
tudes can be constructed with the decay widths of the unstable particles properly included in
the propagators. In these tree-level amplitudes modified vertices are used, which contain extra
gauge-restoring terms prescribed by the effective Lagrangians. We discuss the treatment of the
phenomenologically important unstable particles, like the top-quark, the W - and Z-bosons,
and the Higgs-boson, and derive the relevant modified Feynman rules explicitly.
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1 Introduction
Many of the interesting reactions at present-day and future collider experiments involve a mul-
titude of unstable particles during the intermediate stages. In view of the high precision of the
experiments, the proper treatment of these unstable particles has become a demanding exer-
cise, since on-shell approximations are simply not good enough anymore. A proper treatment
of unstable particles requires the resummation of the corresponding self-energies to all orders.
In this way the singularities originating from the poles in the on-shell propagators are regu-
larized by the imaginary parts contained in the self-energies, which are closely related to the
decay widths of the unstable particles. The perturbative resummation itself involves a simple
geometric series and is therefore easy to perform. However, this simple procedure harbours the
serious risk of breaking gauge invariance. Gauge invariance is guaranteed order by order in per-
turbation theory. Unfortunately one takes into account only part of the higher-order terms by
resumming the self-energies. This results in a mixing of different orders of perturbation theory
and thereby jeopardizes gauge invariance, even if the self-energies themselves are extracted in
a gauge-invarant way.
During recent years awareness has been raised regarding the seriousness of the problem. It
was shown explicitly how these gauge-breaking effects, which are formally of higher order in the
expansion parameter, can nevertheless have profound repercussions on physical observables [1,
2, 3, 4]. This applies in particular to kinematical situations that approach asymptotic limits,
like space-like virtual photons close to the on-shell limit [1, 2, 3] or longitudinal gauge bosons
at high energies [4]. These asymptotic regimes are characterized by strong gauge cancellations,
which are governed by the Ward identities of the theory. Any small gauge-breaking effect can
upset these intricate gauge cancellations and can therefore be amplified significantly.
A solution to the problem is provided by the so-called pole-scheme [5], which allows the
gauge-invariant calculation of matrix elements in the presence of unstable particles. The pole-
scheme amounts to a systematic expansion of the matrix elements around the complex poles
in the unstable-particle propagators. This can be viewed as a prescription for performing an
effective expansion in powers of Γi/Mi, where Mi and Γi stand for the masses and widths of the
unstable particles. The residues in the pole expansion are physically observable and therefore
gauge-invariant. In reactions with multiple unstable-particle resonances it is rather awkward
to perform the complete pole-scheme expansion with all its subtleties in the treatment of the
off-shell phase space [6]. Therefore one usually approximates the expansion by retaining only
the terms with the highest degree of resonance. This approximation is called the leading-pole
approximation. The accuracy of the approximation is typically O(Γi/Mi), making it a suitable
tool for calculating radiative corrections, since in that case the errors are further suppressed by
powers of the coupling constant [6]. The errors induced at the lowest-order level, however, are
as large as the radiative corrections themselves. In view of the high precision of present-day
collider experiments, this is not acceptable. Therefore either the lowest-order expansion has to
be performed explicitly or an alternative gauge-invariant resummation method should be used.
A few years ago a dedicated method was developed for the gauge-invariant treatment of
unstable gauge bosons [3, 4, 7, 8]. This so-called fermion-loop scheme exploits the fact that
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the unstable gauge bosons decay exclusively into fermions (at lowest order). Based on this
observation, it proved natural to resum the fermionic one-loop self-energies and include all
other possible one-particle-irreducible fermionic one-loop corrections. This resummation of one-
particle-irreducible fermionic one-loop corrections involves the closed subset of all O([Nfc α/π]n)
contributions (with Nfc denoting the colour degeneracy of fermion f), which makes it manifestly
gauge-invariant. Unfortunately this method does not work for particles that also have bosonic
decay modes. Moreover, the inclusion of a full-fledged set of one-loop corrections in a lowest-
order amplitude tends to overcomplicate things.
A more general and rapidly developing method is the so-called pinch technique (PT) [9].
This method can be viewed as an extension of the fermion-loop scheme to the bosonic sector.
It amounts to a re-organization of the various one-loop Green’s functions in terms of gauge-
invariant off-shell building blocks, labelled by the kinematical characteristics of the terms that
are included (e.g self-energy-like terms, vertex-like terms, etc.). These building blocks satisfy
ghost-free tree-level Ward identities (like in the fermion-loop scheme) and can be combined into
gauge-invariant amplitudes. All this is achieved by making explicit use of the full Ward identities
of the theory. After having applied the pinching procedure, the one-loop PT self-energies can
be resummed in the resonant amplitudes [10]. The gauge invariance of this resummation
then follows from the tree-level-like Ward identities of the non-resummed (vertex-like, box-like,
etc.) one-loop corrections (see Ref. [11] for a formal proof based on the background-field-
method). The PT is therefore a suitable candidate for treating lowest-order reactions involving
unstable particles, although the lowest-order amplitudes will be quite complicated in view of
the full set of non-resummed one-loop corrections. The complexity of these mandatory non-
resummed one-loop corrections grows strongly with the amount of final-state particles in the
lowest-order reaction, just like in the fermion-loop scheme. The terminology ‘lowest-order’ refers
to the fact that resonant amplitudes are dominated by the decay widths in the propagators,
which are calculated in lowest order in the PT. In order to go beyond the lowest order, the
imaginary parts of the two-loop self-energies are needed. Gauge invariance of the resummation
procedure in turn requires the inclusion of the relevant imaginary parts of the other two-loop
corrections. At the moment some first attempts are under way to extend the PT beyond
the one-loop order [12]. However, there is still a long way to go. Developing a fundamental
(non-diagrammatic) understanding of the PT might be the most important next step in this
context.
So, the need remains for a novel, preferably non-diagrammatic method to solve the full
set of Ward identities. Ideally speaking, such an alternative method should be applicable to
arbitrary reactions, involving all possible unstable particles and an unspecified amount of stable
external particles. At the same time the gauge-restoring terms should be kept to a minimum.
In this paper we propose such a novel technique for tree-level processes. By using gauge-
invariant non-local effective Lagrangians, it is possible to generate the self-energy effects in the
propagators as well as the required gauge-restoring terms in the multi-particle interactions.
These multi-particle interactions can be derived explicitly in a relatively concise form. Of
course one should generate physically sensible self-energies, so that the tree-level calculations
are phenomenologically meaningful.
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The paper is organized as follows. In Sect. 2 we briefly discuss the essence of the gauge-
invariance problem. The non-local effective-Lagrangian method for the resummation of self-
energies is introduced in Sects. 3 and 4 within the framework of an unbroken non-abelian
SU(N) gauge theory with fermions. In Sect. 5 we apply the method to the treatment of
unstable particles in the Standard Model and give some simple examples. In the appendices we
list some useful non-local Feynman rules, thus demonstrating the application of the method.
2 The gauge-invariance problem: a simple example
In this section we show the origin of the gauge-invariance problem associated with the resum-
mation of self-energies, which is a minimal requirement for treating unstable particles. To this
end we consider the simple example of an unbroken non-abelian SU(N) gauge theory with
fermions and subsequently integrate out these fermions. This example also allows to make a
direct link to the philosophy behind the fermion-loop scheme.
First we fix our notation and introduce some conventions, which will be used throughout this
paper. The SU(N) generators in the fundamental representation are denoted by Ta with a =
1, · · · , N2−1. They are normalized according to Tr (TaTb) = δab/2 and obey the commutation
relation
[
Ta,Tb
]
= ifabc Tc. In the adjoint representation the generators Fa are given by
(Fa)bc = −ifabc. The Lagrangian of the unbroken SU(N) gauge theory with fermions can be
written as
L(x) = − 1
2
Tr
[
F µν(x)F
µν(x)
]
+ ψ¯(x) (iD/ −m)ψ(x), (1)
with
F µν ≡ TaF aµν =
i
g
[Dµ, Dν ], Dµ = ∂µ − igTaAaµ ≡ ∂µ − igAµ. (2)
Here ψ is a fermionic N -plet in the fundamental representation of SU(N) and Aaµ are the
(N2−1) non-abelian SU(N) gauge fields, which form a multiplet in the adjoint representation.
The Lagrangian (1) is invariant under the SU(N) gauge transformations
ψ(x)→ ψ′(x) = G(x)ψ(x),
Aµ(x)→ A′µ(x) = G(x)Aµ(x)G−1(x) +
i
g
G(x)
[
∂µG
−1(x)
]
, (3)
with the SU(N) group element defined as G(x) = exp[igTaθa(x)]. The covariant derivative Dµ
and field strength F µν both transform in the adjoint representation
Dµ → G(x)DµG−1(x), F µν(x)→ G(x)F µν(x)G−1(x). (4)
Since the Lagrangian is quadratic in the fermion fields, one can integrate them out exactly in
the functional integral. The resulting effective action is then given by
i Seff[J ] = i
∫
d4x
{
− 1
2
Tr
[
F µν(x)F
µν(x)
]
+ Jaµ(x)A
a, µ(x)
}
+ Tr
[
ln(−D/ − im)
]
, (5)
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with Jaµ(x) denoting the gauge-field sources. The trace on the right-hand side has to be taken
in group, spinor, and coordinate space. As a next step one can expand the effective action in
terms of the coupling constant
Tr
[
ln(−D/ − im)
]
= Tr
[
ln(− ∂/ − im)
]
+ Tr
[
ln
(
1 +
g
i ∂/ −m A/
)]
= Tr
[
ln(− ∂/ − im)
]
+
∞∑
n=1
(−1)n−1
n
Tr
[(
g
i ∂/ −m A/
)n]
. (6)
Note that the left-hand side of Eq. (6) is gauge-invariant as a result of the trace-log operation.
In contrast, the separate terms of the expansion on the right-hand side are not gauge-invariant.
This is due to the fact that, unlike in the abelian case, the non-abelian gauge transformation
(3) mixes different powers of the gauge field Aµ in Eq. (6). Thus, if one truncates the series on
the right-hand side of Eq. (6) one will in general break gauge invariance. From Eq. (6) it is also
clear that the fermionic part of the effective action induces higher-order interactions between
the gauge bosons.
What are these higher-order interactions? Let us consider the quadratic gauge-field contri-
bution
− 1
2
Tr
[(
g
i ∂/ −mA/
)2]
= − 1
2
∫
d4x d4yTr
[
O(x, y)O(y, x)
]
, (7)
where
O(x, y) = g S
(0)
F (x− y)A/(y) (8)
and i S
(0)
F (x− y) =<0 | T (ψ(x) ψ¯(y)) | 0>free is the free fermion propagator. The trace on the
right-hand side of Eq. (7) has to be taken in group and spinor space. A quick glance at this
quadratic gauge-field contribution reveals that it is just the one-loop self-energy of the gauge
boson induced by a fermion loop. In the same way, the higher-order terms ∼ gnAn in Eq. (6)
are just the fermion-loop contributions to the n-point gauge-boson vertices.
One can truncate the expansion in Eq. (6) at n = 2, thus taking into account only the gauge-
boson self-energy term and neglecting the fermion-loop contributions to the higher-point gauge-
boson vertices. This is evidently the simplest procedure for performing the Dyson resummation
of the fermion-loop self-energies. However, as was pointed out above, truncation of Eq. (6) at
any finite order in g in general breaks gauge invariance. This leads to the important observation
that, although the resummed fermion-loop self-energies are gauge-independent by themselves, the
resummation is nevertheless responsible for gauge-breaking effects in the higher-point gauge-
boson interactions through its inherent mixed-order nature. Another way of understanding this
is provided by the gauge-boson Ward identities. Since the once-contracted n-point gauge-
boson vertex can be expressed in terms of (n−1)-point vertices (see Sect. 4), it is clear that
gauge invariance is violated if the self-energies are resummed without adding the necessary
compensating terms to the higher-point vertices.
An alternative is to keep all the terms in Eq. (6). Then the matrix elements derived from
the effective action will be gauge-invariant. Keeping all the terms means that we will have
to take into account not only the fermion-loop self-energy in the propagator, but also all the
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possible fermion-loop contributions to the higher-point gauge-boson vertices. This is exactly
the prescription of the fermion-loop scheme (FLS) [3, 4, 7]. Although the FLS guarantees
gauge invariance of the matrix elements, it has disadvantages as well. Its general applicability
is limited to those situations where non-fermionic particles can effectively be discarded in the
self-energies, as is for instance the case for ΓW and ΓZ at lowest order. Another disadvantage
is that in the FLS one is forced to do the loop calculations, even when calculating lowest-
order quantities. For example, the calculation of the tree-level matrix element for the process
e+e− → 4fγ involves a four-point gauge-boson interaction, which has to be corrected by
fermion loops in the FLS. This overcomplicates an otherwise lowest-order calculation.
It is clear that the FLS provides more than we actually need. It does not only provide
gauge invariance for the Dyson resummed matrix elements at a given order in the coupling
constant, but it also takes into account all fermion-loop corrections at that given order. In the
vicinity of unstable particle resonances the imaginary parts of the fermion-loop self-energies are
effectively enhanced by O(1/g2) with respect to the other fermion-loop corrections. Therefore,
what is really needed is only a minimal subset of the non-enhanced contributions such that
gauge invariance is restored. In a sense one is looking for a minimal solution of a system of
Ward identities. The FLS provides a solution, but this solution is far from minimal and is only
practical for particles that decay exclusively into fermions. Since the decay of unstable particles
is a physical phenomenon, it seems likely that there exists a simpler and more natural method
for constructing a solution to a system of Ward identities, without an explicit reference to
fermions. In the following sections we will try to indicate how such a solution can be constructed.
Although the solution will be valid for arbitrary self-energies, in practical calculations one will
take physically sensible self-energies just like the FLS does.
3 An effective-Lagrangian approach for fermions
In this section we propose a scheme that allows a gauge-invariant resummation of fermion self-
energies in tree-level processes, without having to resort to a complete set of loop corrections.
This scheme will form the basis for the treatment of unstable fermions in the SM, like the
top-quark. The crucial ingredient in the scheme is the use of non-local effective Lagrangians.
We start off by briefly repeating the non-local Lagrangian formalism of Ref. [13], where the
concept of non-local Lagrangians was used for a completely different purpose.
The usual local SU(N) gauge theory with fermions has a Lagrangian given by Eq. (1), which
is invariant under the gauge transformations (3). For the gauging procedure of the non-local
Lagrangians we will need one more ingredient, the path-ordered exponential, which is defined as
U(x, y) = U †(y, x) = P exp
[
− ig
y∫
x
Aµ(ω) dω
µ
]
(9)
= lim
dωi→0
(
1− igAµ(x) dωµ1
)(
1− igAµ(x+ dω1) dωµ2
)
. . .
(
1− igAµ(y − dωn) dωµn
)
.
Here dωµ is the element of integration along some path Ω(x, y) that connects the points x and
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y. In principle we are free to choose this particular path. For reasons that will become clear
from the discussion presented below, we will make our choice in such a way that
δ(4)(x− y)
y∫
x
Aµ(ω) dω
µ = 0 (10)
and
∂µy
y∫
x
f(ω) dων = f(y) gµν. (11)
The first condition implies that the null path Ω(x, x) always has zero length, i.e. it does not
involve a closed loop. The second condition fixes the properties of the path-ordered exponentials
under differentiation. The so-defined path-ordered exponential transforms as
U(x, y)→ G(x)U(x, y)G−1(y) (12)
under the SU(N) gauge transformations. It hence carries the gauge transformation from one
space-time point to the other. With the help of the path-ordered exponential one can rewrite
the local action corresponding to the fermionic part of the Lagrangian (1) according to
SL =
∫
d4x d4y ψ¯(x) δ(4)(x− y) (i ∂/y −m)U(x, y)ψ(y). (13)
Note that the action (13) and the one obtained from Eq. (1) are only equivalent because of the
condition (10).
Using this gauging procedure we can now add a gauge-invariant non-local term to the
Lagrangian:
LNL(x, y) = ψ¯(x) ΣNL(x− y)U(x, y)ψ(y). (14)
It contains a non-local coefficient ΣNL(x−y), which will play the role of a self-energy correction
to the free fermion propagator. The argument of this coefficient is x − y as a result of trans-
lational invariance. For calculational simplicity we will assume that ΣNL(x − y) is mass-like,
i.e. it is diagonal in spinor space. Consequently it has to be a function of the scalar invariant
(x − y)2. This condition is not essential for the method, but it will suit our purposes later
on. With the new non-local term added to the Lagrangian, the total gauge-invariant fermionic
action becomes
S = SL + SNL,
SL =
∫
d4x ψ¯(x)
[
i ∂/ −m+ gA/(x)
]
ψ(x),
SNL =
∫
d4x d4y ψ¯(x) ΣNL(x− y)U(x, y)ψ(y). (15)
As a next step we derive the relevant Feynman rules from the action S. First we verify that
the non-local term acts as a self-energy correction to the free fermion propagator:
p p′
: iΣ(y, z) =
i δ2S
δψ(y) δψ¯(z)
∣∣∣∣∣
A=ψ=ψ¯=0
= − (∂/ z+ im) δ(4)(z− y)+ iΣNL(z− y). (16)
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Or, in momentum representation:
Σ˜(p,−p′) = (2π)4 δ(4)(p− p′)
[
p/−m+ Σ˜NL(p2)
]
, (17)
where we performed the Fourier transforms
ΣNL(z − y) = 1
(2π)4
∫
d4l e−il·(z−y) Σ˜NL(l
2),
Σ(y, z) =
1
(2π)8
∫
d4p d4p′ eip·y e−ip
′·z Σ˜(p,−p′). (18)
By convention we use a tilde to indicate functions in the momentum representation. Upon
inversion of Eq. (17), the non-local coefficient is indeed seen to act as a mass-like correction to
the free fermion propagator.
Next we investigate how the gauge-boson–fermion–fermion vertex is modified by the non-
local interaction. This vertex consists of two parts: a local and a non-local one. The local part
is standard:
a, µ
q
p′
p
: ig Γa, µL (x, y, z) =
i δ3SL
δAaµ(x) δψ(y) δψ¯(z)
∣∣∣∣∣
A=ψ=ψ¯=0
= igTa δ(4)(x−y) δ(4)(x−z) γµ.
(19)
Or, in momentum representation:
ig Γ˜a, µL (q, p,−p′) = ig Ta γµ (2π)4 δ(4)(q + p− p′). (20)
In order to calculate the non-local contribution to the vertex, it is convenient to take the Fourier
transform of ΣNL, perform a Taylor expansion of Σ˜NL(l
2), and finally perform integration by
parts. Then SNL can be rewritten as
SNL =
∞∑
n=0
1
n!
S(n)NL
(
d
dl2
)n
Σ˜NL(l
2)
∣∣∣∣∣
l2=0
≡
∞∑
n=0
1
n!
S(n)NL Σ˜(n)NL(0),
S(n)NL =
∫
d4x d4y δ(4)(x− y) ψ¯(x) (−∂2y)n P exp
[
− ig
y∫
x
Aµ(ω) dω
µ
]
ψ(y). (21)
Of course, this expansion is not always allowed. We assume, however, that the non-local coef-
ficient has analyticity properties that are similar to the ones expected for a normal self-energy
function. As such we can perform the calculation in the regime where the above expansion is
applicable and subsequently extend the range of validity by means of an analytical continua-
tion. In fact, we will be able to present the non-local Feynman rules in such a way that the
Ward identities are fulfilled irrespective of the precise form of the non-local coefficient. The
non-local part of the gauge-boson–fermion–fermion vertex now reads
ig Γa, µNL (x, y, z) =
i δ3SNL
δAaµ(x) δψ(y) δψ¯(z)
∣∣∣∣∣
A=ψ=ψ¯=0
= ig Ta
∞∑
n=0
1
n!
Σ˜
(n)
NL(0)Aµn(z, y|x), (22)
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where Aµn(z, y|x) is given by
Aµn(z, y|x) = − i
∫
d4τ δ(4)(z − τ) (−∂2τ )n δ(4)(τ − y)
τ∫
z
δ(4)(ω − x) dωµ. (23)
The corresponding Fourier transform can be simplified by eliminating some δ-function integra-
tions and performing integration by parts:
A˜µn(−p′, p|q) = − i
∫
d4ξ d4τ δ(4)(ξ − τ) eip′·ξ (−∂2τ )n e−ip·τ
τ∫
ξ
e−iq·ω dωµ. (24)
By working out one of the (−∂2τ ) operators with the help of Eq. (11), one can derive the
recursion relation
A˜µn(−p′, p|q) = p2A˜µn−1(−p′, p|q) + (2p+ q)µ (p+ q)2n−2 (2π)4 δ(4)(q + p− p′). (25)
From the base of the recursion, A˜µ0(−p′, p|q) = 0, it is clear that all terms in the series will be
proportional to (2p + q)µ (2π)4 δ(4)(q + p − p′). The solution of the recursion relation can be
found in App. A:
A˜µn(−p′, p|q) = (2p+ q)µ
(q + p)2n − p2n
(q + p)2 − p2 (2π)
4 δ(4)(q + p− p′). (26)
Substituting this into the definition of the gauge-boson–fermion–fermion vertex (22), one ob-
tains for the non-local contribution in momentum representation
ig Γ˜a, µNL (q, p,−p′) = ig Ta (p+ p′)µ
∞∑
n=0
1
n!
Σ˜
(n)
NL(0)
p′ 2n − p2n
p′ 2 − p2 (2π)
4 δ(4)(q + p− p′)
= ig Ta
(p+ p′)µ
p′ 2 − p2
[
Σ˜NL(p
′ 2)− Σ˜NL(p2)
]
(2π)4 δ(4)(q + p− p′). (27)
This expression exhibits the proper infrared behaviour,
Γ˜a, µNL (q, p,−p′) q→0−→ Ta (2π)4 δ(4)(q + p− p′)
∂ Σ˜NL(p
2)
∂pµ
, (28)
required for guaranteeing the usual eikonal factorization in the infrared limit.
It is easy to verify that the so-obtained full gauge-boson–fermion–fermion vertex satisfies
the Ward identity for dressed fermion propagators:
qµ
[
Γ˜a, µL (q, p,−p′) + Γ˜a, µNL (q, p,−p′)
]
= (2π)4 δ(4)(q + p− p′) Ta
[
S˜−1F (p
′)− S˜−1F (p)
]
, (29)
with S˜−1F (p) = p/ − m + Σ˜NL(p2). From this we can conclude that the described non-local
approach allows a gauge-invariant resummation of fermion self-energies, while at the same
time reducing the complexity of the necessary gauge-restoring higher-point interactions to a
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minimum. The general higher-point interaction between two fermions and k gauge bosons
reads
igk Γa1..ak, µ1..µkNL (x1, .. , xk, y, z) =
i δk+2SNL
δAa1µ1(x1) .. δA
ak
µk(xk) δψ(y) δψ¯(z)
∣∣∣∣∣
A=ψ=ψ¯=0
= igk
∞∑
n=0
1
n!
Σ˜
(n)
NL(0)
∑
perm
Aν1..νkn (z, y|y1, .. , yk) Tb1 · · · Tbk . (30)
The latter sum involves all possible permutations {(b1, ν1, y1), . . . , (bk, νk, yk)} of the basic
set {(a1, µ1, x1), . . . , (ak, µk, xk)}. The Fourier transform of the path-ordered tensor-function
Aµ1..µkn (z, y|x1, .. , xk) is given by
A˜µ1..µkn (−p′, p|q1, .. , qk) = (−i)k
∫
d4ξ d4τ δ(4)(ξ−τ) eip′·ξ(−∂2τ )n e−ip·τ
k∏
j=1
τ∫
ωj−1
dω
µj
j e
−iqj ·ωj , (31)
with ω0 = ξ. In App. A we discuss briefly the recursion relations corresponding to these tensor-
functions and present the solution for general k. Based on the simple ‘Ward identities’ for the
tensor-functions given in App. A, it is easy to verify that the general interaction (30) obeys the
Ward identity
qr, µr Γ˜
a1..ak, µ1..µk
NL (q1, .. , qk, p,−p′) = Γ˜a1..<ar>..ak, µ1..<µr>..µkNL (q1, .. , <qr>, .. , qk, p+ qr,−p′) Tar
−Tar Γ˜a1..<ar>..ak, µ1..<µr>..µkNL (q1, .. , <qr>, .. , qk, p,−p′ + qr)
−∑
j 6=r
(Far)ajd
[
Γ˜a1..<ar>..ak, µ1..<µr>..µkNL (q1, .. , <qr>, .. , qk, p,−p′)
]
aj→d
qj→qj+qr
. (32)
Here < ir > indicates that the index ir has been removed. The substitutions in the last term
should be applied to the expression inside the brackets only. The SU(N) generator in the
adjoint representation Far has been defined in the previous section.
From all this we can conclude that the above-described procedure allows the gauge-invariant
resummation of fermion self-energies in the context of a SU(N) symmetric theory. At the same
time the compensating terms in the higher-point interactions are kept to a minimum. It should
be noted, however, that this procedure is not sufficient for a gauge-invariant description of
unstable fermions in the Standard Model, since the symmetry is explicitly broken in that case.
We will come back to this point in Sect. 5.
4 An effective-Lagrangian approach for gauge bosons
The next step is to extend the non-local method to the gauge-boson sector. We remind the
reader that the non-local Lagrangian should allow the Dyson resummation of the gauge-boson
self-energies, in order to make the link to unstable gauge bosons later on, and it should preserve
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gauge invariance with a minimum of additional higher-point interactions. The starting-point
of the non-local effective Lagrangian should therefore be a bilinear gauge-boson interaction.
In the light of the discussion presented in Sect. 2, the main idea is to rearrange the series on
the right-hand side of Eq. (6) in such a way that each term becomes gauge-invariant by itself.
Subsequent truncation of the series at a given term is then allowed.
Since the gauge bosons transform in the adjoint representation (F → F ′ = GFG−1), the
non-local action for gauge bosons differs from the one for fermions in the way the path-ordered
exponentials occur. For an SU(N) Yang–Mills theory it takes the form
SNL = − 1
2
∫
d4x d4yΣNL(x− y) Tr
[
U(y, x)F µν(x)U(x, y)F
µν(y)
]
, (33)
or, expanding the non-local coefficient ΣNL in terms of derivatives,
SNL =
∞∑
n=0
1
n!
Σ˜
(n)
NL(0)S(n)NL ,
S(n)NL = −
1
2
∫
d4x d4y δ(4)(x− y) (−∂2y)n Tr
[
U(y, x)F µν(x)U(x, y)F
µν(y)
]
. (34)
As required, the action contains bilinear gauge-boson interactions. The induced infinite tower
of higher-point gauge-boson interactions, which are also of progressively higher order in the
coupling constant g, is needed for restoring gauge invariance.
Let us derive the relevant Feynman rules, starting with the two-point function
a1, µ1
q1
a2, µ2
q2
: iΣa1a2, µ1µ2(x1, x2) =
i δ2(SL + SNL)
δAa1µ1(x1) δA
a2
µ2
(x2)
∣∣∣∣∣
A=0
, (35)
where the local action SL follows from the gauge-boson term in Eq. (1). The Fourier transform
of this two-point function can be calculated in a straightforward way, since the path-ordered
exponentials are effectively unity. The result reads
i Σ˜a1a2, µ1µ2(q1, q2) = i δ
a1a2
(
qµ1 q
ν
1 − q21gµν
) [
1 + Σ˜NL(q
2
1)
]
(2π)4 δ(4)(q1 + q2). (36)
Note that this two-point interaction is transverse, as it should be for an unbroken theory. The
non-local coefficient acts as a (dimensionless) correction to the transverse free gauge-boson
propagator. So, exactly what is needed for the Dyson resummation of the gauge-boson self-
energies.
The general non-local interaction between k gauge bosons consists of four distinct contri-
butions, with either two, three or four gauge fields supplied by the field strengths in Eq. (33).
In order to simplify the derivation of the Feynman rules, it is convenient to write Eq. (33) in
the adjoint representation rather than the fundamental representation:
SNL = − 1
4
∫
d4x d4yΣNL(x− y)F aµν(x)Uab(x, y)F µν, b(y), (37)
10
with
Uab(x, y) = P exp
[
− ig
y∫
x
FcAcµ(ω) dω
µ
]ab
. (38)
For the general interaction between k gauge bosons we now obtain
a1, µ1
q1
a2, µ2
q2
ak, µk
qk
: igk−2 Γa1..ak, µ1..µkNL (x1, .. , xk) =
i δkSNL
δAa1µ1(x1) .. δA
ak
µk(xk)
∣∣∣∣∣
A=0
= igk−2
∞∑
n=0
1
n!
Σ˜
(n)
NL(0)
∑
perm
(Fb3 · · · Fbk)b1b2 V ν1..νkNL, n (y1, .. , yk), (39)
where the sum involves all possible permutations {(b1, ν1, y1), . . . , (bk, νk, yk)} of the basic
set {(a1, µ1, x1), . . . , (ak, µk, xk)}. The Fourier transform of the path-ordered tensor-function
V µ1..µkNL, n (x1, .. , xk) can be expressed in terms of the path-ordered tensor-functions introduced in
the previous section:
V˜ µ1..µkNL, n (q1, .. , qk) =
1
2
T µ1µ2(q1, q2) A˜µ3..µkn (q1, q2|q3, .. , qk)
+
1
4
Aµ1, µ2µk(q1) A˜µ3..µk−1n (q1, q2 + qk|q3, .. , qk−1)
− 1
4
Aµ2, µ1µ3(q2) A˜µ4..µkn (q1 + q3, q2|q4, .. , qk)
− 1
4
gµ1µ2 gµ3µk A˜µ4..µk−1n (q1 + q3, q2 + qk|q4, .. , qk−1), (40)
where the first term contributes for k ≥ 2, the second/third term for k ≥ 3, and the fourth
term for k ≥ 4. Here we introduced the transverse tensors
T µν(p, q) = (p · q) gµν − pνqµ, Aµ, νρ(q) = gµν qρ − gµρ qν . (41)
These tensors have the following properties: pµ T µν(p, q) = T µν(p, q) qν = qµAµ, νρ(q) = 0,
pρAµ, νρ(q) = T µν(q, p) and pνAµ, νρ(q) = −T µρ(q, p). Using in addition the properties of the
tensor-functions A˜n given in App. A, one can verify that the general non-local gauge-boson
interaction satisfies the (ghost-free) Ward identity
qr, µr Γ˜
a1..ak, µ1..µk
NL (q1, .. , qk) = −
∑
j 6=r
(Far)ajd
[
Γ˜a1..<ar>..ak, µ1..<µr>..µkNL (q1, .. , <qr>, .. , qk)
]
aj→d
qj→qj+qr
. (42)
On top of that, the non-local three-point interaction exhibits the proper infrared behaviour,
Γ˜a1a2a3, µ1µ2µ3NL (q1, q2, q3)
q1→0−→ − (Fa1)a2a3 (2π)4 δ(4)(q1 + q2 + q3) ∂
∂q2, µ1
{
T µ2µ3(q2,−q2) Σ˜NL(q22)
}
,
(43)
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thereby guaranteeing the usual eikonal factorization in the infrared limit.
In addition to the non-local contributions, the three- and four-point gauge-boson interactions
also receive contributions from the local action. With our conventions these local contributions
read
igk−2 Γa1..ak, µ1..µkL (x1, .. , xk) = ig
k−2
∑
perm
(Fb3 · · · Fbk)b1b2 V ν1..νkL (y1, .. , yk), (44)
with
V˜ µ1µ2µ3L (q1, q2, q3) =
1
2
Aµ1, µ2µ3(q1) (2π)
4 δ(4)(q1 + q2 + q3),
V˜ µ1µ2µ3µ4L (q1, q2, q3, q4) = −
1
4
gµ1µ2gµ3µ4 (2π)4 δ(4)(q1 + q2 + q3 + q4),
V˜ µ1..µkL (q1, .. , qk) = 0 (k > 4). (45)
Although the above-described non-local procedure provides a gauge-invariant framework
for performing the Dyson resummation of the gauge-boson self-energies, we want to stress that
it is not unique. We have seen in Sect. 2 that the FLS provides a different solution of the
system of gauge-boson Ward identities. In the context of non-local effective Lagrangians it
is always possible to add additional towers of gauge-boson interactions that start with three-
point interactions and therefore do not influence the Dyson resummation of the gauge-boson
self-energies. For instance, the non-local action
S ′NL = g
∫
d4x d4y d4z V (x, y, z) Tr
[
U(z, x)F µν(x)U(x, y)F
ν
ρ(y)U(y, z)F
ρ
µ(z)
]
(46)
is gauge-invariant and does not affect the gauge-boson self-energies. It does contribute, however,
to the interaction between three or more gauge bosons. As such it leads to a zero-mode solution
of the system of gauge-boson Ward identities. In our quest for minimality we have opted to leave
out such zero-mode solutions, as they are anyhow immaterial for the discussion of self-energies.
In the light of the discussion presented in Sect. 2, we rearrange the series on the right-hand
side of Eq. (6) according to gauge-invariant towers of gauge-boson interactions labelled by the
minimum number of gauge bosons that are involved in the non-local interaction. Effectively
this constitutes an expansion in powers of the coupling constant g, since a higher minimum
number of particles in the interaction is equivalent to a higher minimum order in g. In order
to achieve minimality we have truncated this series at the lowest effective order.
5 Unstable particles in the Standard Model
In this section we address the case of phenomenological interest: unstable particles in a broken
[SU(3)C×]SU(2)L×U(1)Y gauge theory. First we briefly fix the notations. The SU(2)L×U(1)Y
gauge-group element is defined as
G(x) = exp
[
ig2T
aθa(x)− ig1Y
2
θY (x)
]
, (47)
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where the SU(2) generators Ta can be expressed in terms of the standard Pauli spin matrices σa
(a = 1, 2, 3) according to Ta = σa/2. The normalization condition and commutation relation
read Tr (σaσb) = 2δab and
[
σa, σb
]
= 2iǫabc σc, with the SU(2) structure constant ǫabc given by
ǫabc =


+1 if (a, b, c) = even permutation of (1, 2, 3)
−1 if (a, b, c) = odd permutation of (1, 2, 3) .
0 else
(48)
The SU(2) generators in the adjoint representation are given by (Fa)bc = −iǫabc.
5.1 The gauge bosons
In the Standard Model there are four gauge fields, W aµ (a = 1, 2, 3) and Bµ, with the corre-
sponding field-strength tensors given by
F µν = ∂µW ν − ∂νW µ − ig2 [W µ,W ν
]
, Bµν = ∂µBν − ∂νBµ, (49)
using the shorthand notations
F µν ≡ TaF aµν , W µ ≡ TaW aµ . (50)
In this notation the Yang–Mills Lagrangian reads:
LYM(x) = − 1
2
Tr
[
F µν(x)F
µν(x)
]
− 1
4
Bµν(x)B
µν(x). (51)
The physically observable gauge-boson states are given by
W±µ =
1√
2
(W 1µ ∓ iW 2µ), Zµ = cWW 3µ + sWBµ, Aµ = cWBµ − sWW 3µ , (52)
where cW = g2/
√
g21 + g
2
2 and sW =
√
1− c2W are the cosine and sine of the weak mixing
angle. The electric charge is given by e = g1g2/
√
g21 + g
2
2.
For the gauge-invariant treatment of unstable gauge bosons we can use a non-local La-
grangian that generates the relevant self-energy effects. The corresponding action can be split
into two pieces. One piece is already known from the unbroken theory, bearing in mind that
we have two field-strength tensors to work with:
SYMNL = −
1
4
∫
d4x d4yΣ1(x− y)Bµν(x)Bµν(y)
− 1
2
∫
d4x d4yΣ2(x− y) Tr
[
U2(y, x)F µν(x)U2(x, y)F
µν(y)
]
. (53)
Note that the path-ordered exponentials vanish in the first term. They are also not needed,
since Bµν(x) is gauge-invariant by itself. In the second term U2 is the path-ordered exponen-
tial corresponding to SU(2)L [defined according to Eq. (9)]. Furthermore, it is impossible to
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construct a gauge-invariant non-local operator of the form B · F using only gauge fields. Such
interactions require some additional fields with non-zero vacuum expectation value, i.e. the
Higgs fields. For the second piece of the non-local Lagrangian we therefore exploit the fact that
the theory is spontaneously broken:
SΦNL = −
g1g2
2M2W
∫
d4x d4yΣ3(x− y) [Φ†(x)F µν(x) Φ(x)]Bµν(y)
− g
4
2
4M4W
∫
d4x d4yΣ4(x− y) [Φ†(x)F µν(x) Φ(x)] [Φ†(y)F µν(y) Φ(y)], (54)
with the (Y =1) Higgs doublet Φ given by
Φ(x) =
(
φ+(x)
[v +H(x) + i χ(x)]/
√
2
)
. (55)
The non-zero vacuum expectation value v is given by v = 2MW/g2. The field operators con-
tained in this additional effective action are clearly of higher dimension than the ones contained
in the previously encountered effective actions (see the prefactors 1/M2W and 1/M
4
W ). As such
these higher-dimensional operators have no local analogue in the Standard Model Lagrangian.
They are required for achieving an explicit breaking of the SU(2) symmetry amongst the SU(2)
gauge bosons in the transverse sector. After all, the loop effects in the Standard Model also
lead to such explicit symmetry-breaking effects.
For completeness we now list the two-point gauge-boson interactions induced by the above-
specified non-local operators:
V1, µ1
q1
V2, µ2
q2
: i Σ˜µνNL(q1, q2) = i
(
qµ1 q
ν
1 − q21gµν
)
Π˜V1V2NL (q
2
1) (2π)
4 δ(4)(q1 + q2), (56)
with the transverse (dimensionless) self-energies given by
Π˜WWNL (q
2
1) = Σ˜2(q
2
1)
Π˜ZZNL (q
2
1) = s
2
W Σ˜1(q
2
1) + c
2
W Σ˜2(q
2
1)− 2s2W Σ˜3(q21) + c2W Σ˜4(q21)
Π˜γZNL(q
2
1) = Π˜
Zγ
NL(q
2
1) = sW cW Σ˜1(q
2
1)− sW cW Σ˜2(q21) + (s2W − c2W )
sW
cW
Σ˜3(q
2
1)− sW cW Σ˜4(q21)
Π˜γγNL(q
2
1) = c
2
W Σ˜1(q
2
1) + s
2
W Σ˜2(q
2
1) + 2s
2
W Σ˜3(q
2
1) + s
2
W Σ˜4(q
2
1). (57)
Thus four self-energies are parametrized by four independent functions. As such all mass effects
can be taken into account properly. If the theory would have been unbroken, only two functions
(Σ1,2) would be available for parametrizing the four self-energies in the massless limit and two
relations among the self-energies would emerge. These relations hold indeed in the FLS if all
fermions are massless (including the top-quark) [4]. At high energies Σ3 and Σ4 should vanish,
since effectively the theory becomes unbroken.
At this point we remind the reader that we have only considered non-local contributions
to the transverse gauge-boson self-energies, which can be resummed into dressed transverse
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gauge-boson propagators. In principle one should add also non-local terms that contribute to
the longitudinal gauge-boson self-energies (Σ˜µνlong ∝ qµ1 qν1 ), which can be resummed into dressed
longitudinal gauge-boson propagators. Since the resummation in the transverse and longitudi-
nal sectors can be performed independently, the longitudinal sector with its close relation to the
gauge-fixing procedure can be treated separately. In view of minimality we refrain from adding
non-local longitudinal terms. In physical matrix elements the longitudinal propagators do not
generate resonances and therefore there is no strict need for resumming (imaginary parts of)
longitudinal self-energies. The imaginary parts that appear in the resummed transverse prop-
agators of the W,Z bosons are directly linked to the corresponding decay widths ΓW,Z and are
hence sufficient for a proper description of the resonance effects. In the covariant Rξ gauge
Lgauge fixRξ (x) = −
1
2
{
1
ξγ
[
∂µAµ(x)
]2
+
1
ξZ
[
∂µZµ(x)− ξZMZχ(x)
]2
+
2
ξW
[
∂µW+µ (x)− iξWMWφ+(x)
][
∂νW−ν (x) + iξWMWφ
−(x)
]}
, (58)
for instance, we obtain the following dressed gauge-boson propagators (V = γ, Z,W ):
P V Vµν (q, ξV ) = −iDV VT (q2)
(
gµν − qµqν
q2
)
− iξV
q2 − ξ
V
M2V
qµqν
q2
,
P γZµν (q) = P
Zγ
µν (q) = −iDγZT (q2)
(
gµν − qµqν
q2
)
. (59)
The transverse propagator functions DT are given by
DWWT (q
2) =
{
q2 −M2W + q2 Π˜WWNL (q2)
}−1
,
DγγT (q
2) =
[
q2 −M2Z + q2 Π˜ZZNL (q2)
]
/D(q2),
DZZT (q
2) =
[
q2 + q2 Π˜γγNL(q
2)
]
/D(q2),
DγZT (q
2) = −q2 Π˜γZNL(q2)/D(q2),
D(q2) =
[
q2 −M2Z + q2 Π˜ZZNL (q2)
] [
q2 + q2 Π˜γγNL(q
2)
]
−
[
q2 Π˜γZNL(q
2)
]2
, (60)
with the explicit mass terms originating from the Higgs part of the Standard Model Lagrangian
[see Eq. (62) below]. However, this is not the complete story. We will have to redefine the photon
field and the electromagnetic coupling, which are by definition identified by means of the eeγ
interaction in the Thomson limit (q2γ = 0). Since the eeγ vertex does not receive non-local
contributions, only the non-local photonic self-energy contributions have to be adjusted. This
results in a ‘finite renormalization’ of the form
q2DγγT (q
2)
∣∣∣
q2=0
=
1
1 + Π˜γγNL(0)
→ 1,
q2 Π˜γZNL(q
2)
∣∣∣
q2=0
→ 0. (61)
In App. B we list the Feynman rules for the relevant non-local three- and four-point inter-
actions, needed for a gauge-invariant treatment of reactions like 2f → 4f, 4fγ, 6f .
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5.2 The Higgs boson
In the Standard Model the Higgs part of the Lagrangian is given by
LH(x) =
(
DµΦ(x)
)†(
DµΦ(x)
)
+ µ2
[
Φ†(x) Φ(x)
]
− λ
4
[
Φ†(x) Φ(x)
]2
, (62)
with the covariant derivative defined as
Dµ = ∂µ − ig2TaW aµ + ig1
Y
2
Bµ. (63)
The (Y = 1) complex Higgs doublet Φ is expanded around its vacuum expectation value
< |φ|>0= v/
√
2 =
√
2µ/
√
λ according to Eq. (55). The resulting Lagrangian describes one
physical scalar particle H with mass MH =
√
2µ and three degrees of freedom that are ab-
sorbed by the gauge bosons and that are hence rendered unphysical. Our aim in this subsection
is to construct an effective Lagrangian that generates a self-energy for the physical Higgs boson.
At the same time we want to avoid generating any self-energies for the unphysical Higgs modes
or the corresponding longitudinal gauge-boson modes. This is based on the same philosophy
as adopted in the previous subsection. In order to achieve this aim we are led to a construction
with only singlets, i.e. without path-ordered exponentials:
SHNL =
1
2v2
∫
d4x d4yΣH(x− y)
(∣∣∣Φ(x)∣∣∣2 − v2
2
)(∣∣∣Φ(y)∣∣∣2 − v2
2
)
. (64)
This Lagrangian induces the required self-energy in the physical Higgs propagator, without
generating additional self-energy or tadpole contributions. The combined local and non-local
contributions to the two-point interaction between physical Higgs bosons read:
H
q1
H
q2
: i Σ˜(q1, q2) = i
[
q21 −M2H + Σ˜H(q21)
]
(2π)4 δ(4)(q1 + q2), (65)
which can be inverted trivially to give the dressed Higgs-boson propagator
PH(q) =
i
q2 −M2H + Σ˜H(q2)
. (66)
The remaining non-local scalar interactions can be found in App. B.
This time we can explicitly check the proposed gauge-invariant resummation procedure by
considering reactions like φ+φ− → χχ in the limit M2H ≫ q2 ≫ M2W,Z . Indeed, we find that
in leading approximation the vertex and box graphs are identical to the non-local three- and
four-point interactions, provided that tadpole renormalization is applied. This is caused by the
fact that the scalar three- and four-point functions reduce to two-point functions as a result of
the exchange of the heavy (physical) Higgs bosons. It should be noted that the check only works
for the leading terms, since the sub-leading contributions will already contain information on
higher-order non-local towers (e.g. the ones that start at three-point level).
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5.3 The top-quark
In the Standard Model the fermions acquire their mass through the Yukawa interactions with
the Higgs field. Since all masses are basically different, the SU(2) symmetry is explicitly broken
in the fermionic doublets. As such the method described in Sect. 3 is not applicable to the
resummation of fermion self-energies in the Standard Model. In this subsection we concentrate
on the top-quark, which has a large decay width and therefore can be described by means of
perturbative methods. We start off by writing down the Yukawa interaction for the top-quark:
LtYu(x) = − ftQL(x) Φ˜(x) tR(x) + h.c., (67)
where ft is the top-quark Yukawa coupling. The doublet QL(x) and singlet tR(x) can be
expressed in terms of the top-quark and bottom-quark fields t(x), b(x) according to
QL(x) =
(
tL(x)
bL(x)
)
(68)
with
tL(x) =
1− γ5
2
t(x), tR(x) =
1 + γ5
2
t(x) and bL(x) =
1− γ5
2
b(x). (69)
In order to give a mass to the top-quark, a Higgs doublet Φ˜ with opposite hypercharge (Y =−1)
is required:
Φ˜(x) =
(
[v +H(x)− i χ(x)]/√2
−φ−(x)
)
with φ−(x) =
[
φ+(x)
]†
. (70)
The resulting top-quark mass is given by mt = vft/
√
2. Based on this Yukawa interaction it is
not difficult to construct a non-local effective action that generates a mass-like top-quark self-
energy. There are two ways to non-localize the three fields in Eq. (67). The first one involves
a non-local interaction between SU(2) singlets:
StNL =
√
2
v
∫
d4x d4yΣt(x− y)
{[
QL(x) Φ˜(x)
]
U1(x, y)U3(x, y) tR(y) + h.c.
}
, (71)
where U1 and U3 are the path-ordered exponentials corresponding to U(1)Y (for Y = 4/3) and
SU(3)C , respectively. The latter path-ordered exponential enters as a result of the fact that
the top-quark also carries a colour charge. The second way of non-localizing Eq. (67) involves a
non-local interaction between the SU(2) doublets QL(x) and [Φ˜(y)tR(y)], connected by a string
of path-ordered exponentials U1(x, y)U2(x, y)U3(x, y). Note, that both effective Lagrangians
contribute to the top-quark two-point interaction in the same way and therefore both allow a
gauge-invariant resummation of the self-energy. A particular choice can be made on the basis
of either explicit physical requirements (like the properties under parity transformations) or
minimality considerations. In this paper we consider in detail the simplest of the two effective
Lagrangians, given by Eq. (71).
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The combined local and non-local contributions to the top-quark two-point interaction then
read:
t
p
t
p′
: i Σ˜(p,−p′) = i (2π)4 δ(4)(p− p′)
[
p/−mt + Σ˜t(p2)
]
, (72)
which results in the following dressed top-quark propagator:
P t(p) =
i
p/−mt + Σ˜t(p2)
. (73)
At first sight the effective action (71) seems to have little in common with the effective action
introduced in Sect. 3. However, the part originating from the non-zero vacuum expectation
value of the Higgs, which hence only involves fermions and gauge bosons, has the familiar form
St, vNL =
∫
d4x d4yΣt(x− y) t¯(x)U1(x, y)U3(x, y) t(y). (74)
In App. B we list the Feynman rules for the various non-local three- and four-point interactions.
Particularly noteworthy are the mixed QCD–electroweak interactions, involving both gluons
and electroweak bosons, which are needed for the construction of gauge-invariant resummed
amplitudes in certain mixed QCD–electroweak processes (like e+e− → tt¯g).
5.4 Some simple examples
A substantial simplification occurs when all non-local coefficients are taken to be delta-functions:
Σj(x− y) = Σj δ(x− y) (j = 1, 2, 3, 4, H, t). (75)
By choosing appropriate values for the complex constants Σj , the simplified set of non-local
actions can be used to implement the decay widths of unstable particles in a concise, gauge-
invariant way. Strictly speaking, however, the proposed simplification is not supported by the
actual loop effects in gauge theories, where no imaginary parts occur for space-like momenta.
Nevertheless, it has become a very popular (ad hoc) procedure.
According to Eqs. (66) and (73), the simplification correponds to constant shifts in the
Higgs and top-quark propagators:
PH(q) =
i
q2 −M2H + ΣH
and P t(p) =
i
p/−mt + Σt . (76)
As a result of the delta-functions in the non-local coefficients, the effective Lagrangians de-
fined by SHNL in Eq. (64) and StNL in Eq. (71) become proportional to the corresponding local
Lagrangians:
LHNL(x) = −ΣH
LHpot(x)
M2H
and LtNL(x) = −Σt
LtYu(x)
mt
, (77)
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with LHpot indicating the part of the local Higgs Lagrangian that corresponds to the Higgs
potential. From this it is clear that the combined effect of all non-local interactions amounts
to the mere effective replacements
M2H → M2H − ΣH and mt → mt − Σt (78)
in the Standard Model Lagrangian. Note that for imaginary shifts (e.g. ΣH = iMHΓH) this
procedure resembles the so-called fixed-width scheme.1 However, in contrast to our non-local
approach, the fixed-width scheme applies the effective replacements only to the propagators.
So, in general the fixed-width scheme has to be adapted whenever the mass terms in the higher-
point interactions play a role.
In the gauge-boson sector we need a further simplification. The higher-dimensional oper-
ators in SΦNL have no Standard Model analogues. Therefore, a large number of compensating
higher-point interactions remain, even if all non-local coefficients are taken to be delta-functions.
At this point we can exploit the fact that we don’t strictly need all four non-local gauge-boson
coefficients for a gauge-invariant treatment of unstable W and Z bosons. In order to properly
generate the two corresponding decay widths, it is formally sufficient to have only two indepen-
dent non-local coefficients. A huge simplification is achieved by setting Σ3,4 = 0. This comes at
a price, though. As mentioned in Sect. 5.1, two relations among the gauge-boson self-energies
will emerge, like in the unbroken theory. This means that the self-energies involving photons
are not independent anymore. In fact this is not a real problem, since we will anyhow have to
redefine the photon field and the electromagnetic coupling according to the eeγ interaction in
the Thomson limit (q2γ = 0).
The net effect of the simplifications in the gauge-boson sector amounts to a rescaling of the
U(1)Y and SU(2)L terms in the Yang–Mills Lagrangian (51):
LYM(x) + LYMNL (x) = −
1
2
(1 + Σ2) Tr
[
F µν(x)F
µν(x)
]
− 1
4
(1 + Σ1)Bµν(x)B
µν(x). (79)
These rescaling factors can be absorbed into the gauge-boson fields and the coupling constants
according to
W a =
W ′a√
1 + Σ2
, g2 = g
′
2
√
1 + Σ2 and B =
B′√
1 + Σ1
, g1 = g
′
1
√
1 + Σ1. (80)
In terms of the redefined fields and couplings the Lagrangian (79) retrieves the original Yang–
Mills form. At the same time the other Standard Model interactions are not changed by the
redefinitions, as the covariant derivatives stay the same. So, the only noticeable changes involve
the gauge-boson mass matrix and consequently the W 3–B mixing, which are both defined in
terms of the coupling constants:
M2W =
1
4
v2g22 → M ′W2 =
M2W
1 + Σ2
,
1By appropriately choosing the complex constants Σt,H , it is also possible to effectively replace the masses by
the complex poles of the propagators [e.g. with ΣH = iM
2
HΓH/(MH+iΓH) one obtains the effective replacement
M2H →M2H/(1 + iΓH/MH)]. Such a complex pole mass is often better suited for the description of resonances
associated with heavy unstable particles [14].
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M2Z =
1
4
v2(g21 + g
2
2) → M ′Z2 =M2Z
1 + c2wΣ1 + s
2
wΣ2
(1 + Σ1)(1 + Σ2)
≡ M
2
Z
1 + CZ
,
cw =MW/MZ → c′w = M ′W/M ′Z = cw
√
1 + CZ
1 + Σ2
. (81)
For an imaginary non-local coefficient Σ2 = iΓW/MW the redefined W mass is identical to
the so-called complex pole mass M ′W
2 = (M2W − iMWΓW )/(1 + Γ2W/M2W ). A similar pole mass
can be obtained for the Z boson by choosing Σ1 in such a way that CZ = iΓZ/MZ .
2 The
redefined physical states W ′±, Z ′ and A′ are obtained from W ′a and B′ in the usual way in
terms of the redefined mixing angle. For instance, Z ′ = Z
√
1 + CZ . Since the interactions
between the gauge bosons and fermions are unchanged, the A′ field is by definition the pho-
ton field and the redefined coupling e′ = g′1g
′
2/
√
g′1
2 + g′2
2 is by definition the electromagnetic
coupling constant. This is equivalent to performing finite renormalizations in order to absorb
the non-local contributions to the photon wave function and the electromagnetic charge. So,
the combined effect of all non-local interactions amounts to the effective replacements given in
Eq. (81). These effective replacements can be extended to the longitudinal sector by simply
rescaling the gauge parameter in the gauge-fixing part of the Lagrangian. For instance, with
the rescaling ξ
W
= ξ′
W
/(1 + Σ2) the dressed W -boson propagator in Eq. (59) becomes
PWWµν (q, ξW ) =
−i
[1 + Σ2] [q2 −M ′W2]
(
gµν − qµqν
q2
)
− iξ
′
W
[1 + Σ2] [q2 − ξ′WM ′W2]
qµqν
q2
, (82)
where the factor 1/(1 + Σ2) can be absorbed into the W -boson fields according to Eq. (80).
This simple example for the gauge bosons coincides with the complex-mixing-angle procedure
that was adopted in Ref. [15] for calculating the radiative processes e+e− → 4fγ.
The appeal of the above-discussed special examples lies in the simplicity of the net prescrip-
tions that follow from the effective Lagrangians, allowing a straightforward implementation
into the existing Monte Carlo programs. In spite of the simplicity, nevertheless a reasonably
good description of the unstable-particle resonances can be achieved. In case of a more rigorous
treatment of unstable particles, involving a proper energy dependence of the absorptive parts of
the self-energies, one is forced to take into account the full extent of the effective Lagrangians.
Or, in other words, one has to properly take into account the relevant sets of gauge-restoring
multi-particle interactions (see e.g. the Feynman rules listed in App. B).
6 Conclusions and outlook
In this paper we have introduced a method that offers the possibility of performing gauge-
invariant tree-level calculations with unstable particles in intermediate states. To this end non-
local gauge-invariant Lagrangians are introduced, which allow the gauge-invariant resummation
2By choosing Σ2 = iΓW /(MW − iΓW ) and CZ = iΓZ/(MZ − iΓZ) one can obtain the usual fixed-width
masses M ′V
2
= M2V − iMV ΓV .
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of self-energies and therefore give rise to dressed (regular) propagators for unstable particles.
Certainly for practical applications the resummed self-energies will be taken from the underlying
gauge theory, but in principle the choice is arbitrary in our approach. For every choice the gauge
restoring vertices will be different. This leaves open the possibility of studying ad hoc methods
for implementing the decay widths of the unstable particles, like the fixed-width scheme. From
the non-local Lagrangian one obtains in general an infinite set of multi-point vertices. These
vertices provide an explicit solution of the full set of ghost-free Ward identities and thereby
restore the gauge invariance of the resummed amplitudes. For a given multi-particle process
only a limited number of those vertices contribute. In the paper we have given the derivation
of the multi-point vertices from the non-local Lagrangians, and we have explicitly listed all
relevant modifications of the Standard Model vertices for up to four external particles. These
modified vertices are related to the unstable gauge bosons, the Higgs particle and the top-
quark, which all occur in the electroweak/QCD calculations for present and future collider
experiments. It should be kept in mind that there are other multi-point vertices that would
also lead to gauge-invariant amplitudes. In other words, the vertices are not unique, but our
prescription gives in a minimal way a set of vertices that restores gauge invariance.
Usually one restricts the final-state particles in a process to stable particles, i.e. fermions,
photons and gluons. The final-state fermions can be either massive or massless. In our ap-
proach this poses no problem, since the calculation remains gauge-invariant in either case. The
vertices given in App. B allow gauge-invariant calculations for unstable-particle processes like
e+e−/qq¯ /gg → 4fγ, 4fg, 6f . Many of the present-day unstable-particle production processes
lead to these final states. Examples are W+W−γ production at LEP2 and tt¯ production at the
Tevatron. For the latter process gluon radiation could also be of practical importance. In that
case one should extend the list in App. B and add the vertices that contribute to a final state
with six fermions and one gluon. For instance, a 3-gluon–tt¯ vertex would arise.
Although this paper was primarily motivated by the phenomenological need to perform
sensible tree-level calculations with unstable particles, other applications seem possible.
One possible application could be the gauge-invariant resummation of gluon propagators in
QCD calculations. In this way part of the higher-order corrections can be taken into account
in a gauge-invariant way. The effect of this resummation on multiparton amplitudes can now
be investigated using our method. In a similar way one could study the resummation of the
electroweak gauge-boson propagators in terms of running (effective) couplings.
Another intriguing question is whether the non-local Lagrangian technique could be used
to construct a gauge-invariant bosonic self-energy by adding gauge-restoring parts from vertex
and box diagrams to a non-gauge-invariant self-energy. In other words, could the method of
non-local Lagrangians be used to carry out the pinch technique?
Another issue is whether one could use the propagators and vertices derived in the paper
to perform quantum loop corrections. To our knowledge this remains an open question.
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A Expressions for the path-ordered tensor-functions
In this appendix we derive explicit expressions for the path-ordered tensor-functions An, intro-
duced in Sect. 3. We start off the derivation by solving a set of scalar recursion relations. The
simplest one is defined as
Xn(l′, l) = l2Xn−1(l′, l), X0(l′, l) = (2π)4 δ(4)(l′ + l), (A.1)
which has the trivial solution
Xn(l′, l) = l2n (2π)4 δ(4)(l′ + l). (A.2)
Note that such a scalar function translates directly into a non-local coefficient when the summa-
tion over n is performed:
∑∞
n=0
1
n!
Σ˜
(n)
NL(0) l
2n = Σ˜NL(l
2). For the path-ordered tensor-functions
we will need to solve the following more general set of scalar recursion relations:
Xn(l′, l|q1, .. , qk) = l2Xn−1(l′, l|q1, .. , qk) + Xn−1(l′, l + qk|q1, .. , qk−1) (k ≥ 2),
Xn(l′, l|q1) = l2Xn−1(l′, l|q1) + Xn−1(l′, l + q1), (A.3)
with the base of the recursion given by
X0(l′, l|q1, .. , qk) = X0(l′, l|q1) = 0. (A.4)
The solutions of these recursion relations read
Xn(l′, l|q1, .. , qk) = (2π)4 δ(4)(l′ + P1)
k+1∑
i=1
P 2ni
k+1∏
j=1, j 6=i
(
P 2i − P 2j
) , (A.5)
with
Pi = l +
k∑
j=i
qj (i ≤ k) and Pk+1 = l. (A.6)
Since P 2ni − l2P 2n−2i = P 2n−2i (P 2i −P 2k+1), one can easily verify that Eq. (A.5) indeed represents
a set of solutions. Note again that each term occurring in these solutions translates directly
into a non-local coefficient when the summation over n is performed [P 2ni → Σ˜NL(P 2i )].
After these preparations we can now turn to the path-ordered tensor-functions
A˜µ1..µkn (l′, l|q1, .. , qk) = (−i)k
∫
d4ξ d4τ δ(4)(ξ− τ) e−il′·ξ(−∂2τ )n e−il·τ
k∏
j=1
τ∫
ωj−1
dω
µj
j e
−iqj ·ωj , (A.7)
with ω0 = ξ. By working out one of the (−∂2τ ) operators one arrives at the following set of
tensor recursion relations:
A˜n(l′, l) = l2A˜n−1(l′, l), (A.8)
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A˜µ1n (l′, l|q1) = l2A˜µ1n−1(l′, l|q1) + (2l + q1)µ1 A˜n−1(l′, l + q1),
A˜µ1µ2n (l′, l|q1, q2) = l2A˜µ1µ2n−1 (l′, l|q1, q2) + (2l + q2)µ2 A˜µ1n−1(l′, l + q2|q1)
+ gµ1µ2A˜n−1(l′, l + q1 + q2),
A˜µ1..µkn (l′, l|q1, .. , qk) = l2A˜µ1..µkn−1 (l′, l|q1, .. , qk) + (2l + qk)µk A˜µ1..µk−1n−1 (l′, l + qk|q1, .. , qk−1)
+ gµk−1µkA˜µ1..µk−2n−1 (l′, l + qk−1 + qk|q1, .. , qk−2) (k ≥ 3).
The base of the recursion is given by the relations
A˜µ1..µk0 (l′, l|q1, .. , qk) = 0 (k ≥ 1) and A˜0(l′, l) = (2π)4 δ(4)(l′ + l). (A.9)
Evidently A˜n(l′, l) is identical to Xn(l′, l). The other tensor-functions can also be expressed in a
straightforward way in terms of the afore-mentioned solutions of the scalar recursion relations:
A˜µ1..µkn (l′, l|q1, .. , qk) = Xn(l′, l|q1, .. , qk)Qµ11 · · · Qµkk
+
k−1∑
m=1
Xn(l′, l|q1, .. , qm−1, qm + qm+1, qm+2, .. , qk)Qµ11 · · · Qµm−1m−1 gµmµm+1 Qµm+2m+2 · · · Qµkk
+ two insertions of the metric tensor g + · · · , (A.10)
with
Qµii = P
µi
i + P
µi
i+1. (A.11)
As a final step we insert the explicit solutions (A.5):
A˜µ1..µkn (l′, l|q1, .. , qk) = (2π)4 δ(4)(l′ + P1)
k+1∑
i=1
P 2ni
k+1∏
j=1, j 6=i
(
P 2i − P 2j
) Oµ1..µki (l|q1, .. , qk),
Oµ1..µki (l|q1, .. , qk) = Qµ11 · · · Qµkk +
k−1∑
m=1
(
P 2i − P 2m+1
)
Qµ11 · · · Qµm−1m−1 gµmµm+1 Qµm+2m+2 · · · Qµkk
+ two insertions of the metric tensor g + · · · (A.12)
As a result of the relation qi, µi Q
µi
i = (P
2
i − P 2i+1), the tensor-functions obey the simple ‘Ward
identities’
q1, µ1 A˜µ1n (l′, l|q1) = A˜n(l′, l+q1)− A˜n(l′+q1, l), (A.13)
q1, µ1 A˜µ1..µkn (l′, l|q1, .. , qk) = A˜µ2..µkn (l′, l|q1+q2, q3, .. , qk)− A˜µ2..µkn (l′+q1, l|q2, .. , qk),
qk, µk A˜µ1..µkn (l′, l|q1, .. , qk) = A˜µ1..µk−1n (l′, l+qk|q1, .. , qk−1)− A˜µ1..µk−1n (l′, l|q1, .. , qk−2, qk−1+qk),
qr, µr A˜µ1..µkn (l′, l|q1, .. , qk) = A˜µ1..µr−1µr+1..µkn (l′, l|q1, .. , qr−1, qr+qr+1, qr+2, .. , qk)
− A˜µ1..µr−1µr+1..µkn (l′, l|q1, .. , qr−2, qr−1+qr, qr+1, .. , qk) (1 < r < k).
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As an example we present the explicit solutions for k = 0, 1, 2, which are relevant for the
derivation of the two-, three- and four-point interactions that are presented in this paper:
A˜n(l′, l) = (2π)4 δ(4)(l′ + l) l2n, (A.14)
A˜µ1n (l′, l|q1) = (2π)4 δ(4)(l′ + l + q1)
(l + q1)
2n − l2n
(l + q1)2 − l2 (2l + q1)
µ1 ,
A˜µ1µ2n (l′, l|q1, q2) = (2π)4 δ(4)(l′ + l + q1 + q2)
[
gµ1µ2
(l + q1 + q2)
2n − l2n
(l + q1 + q2)2 − l2
+ (2l + 2q2 + q1)
µ1 (2l + q2)
µ2
{
(l + q1 + q2)
2n
[(l + q1 + q2)2 − (l + q2)2][(l + q1 + q2)2 − l2]
− (l + q2)
2n
[(l + q1 + q2)2 − (l + q2)2][(l + q2)2 − l2] +
l2n
[(l + q1 + q2)2 − l2][(l + q2)2 − l2]
}]
.
B Some non-local Feynman rules
In this appendix we list the non-local contributions to the various three- and four-point in-
teractions. Whenever possible we will suppress the factor (2π)4 and the delta-function for
momentum conservation.
First we give the non-local contributions to the pure gauge-boson interactions as originating
from the non-local actions SYMNL in Eq. (53) and SΦNL in Eq. (54). We start with the three-point
gauge-boson interaction:
V1, µ1
q1
V2, µ2
q2
V3, µ3
q3
: ig2
{
A2
∞∑
n=0
1
n!
Σ˜
(n)
2 (0)
∑
perm
ǫjkl V˜
µjµkµl
NL, n (qj, qk, ql)
+ Aµ1, µ2µ3(q1)
[
A31 Σ˜3(q
2
1) + A41 Σ˜4(q
2
1)
]}
, (B.1)
with the various couplings given by
V1V2V3 A2 A31 A41
ZW+W− −cw s2w/cw −cw
γW+W− sw sw sw
(B.2)
The sum over the permutations involves all permutations (j, k, l) of the labels (1, 2, 3). Now we
can make use of Eqs. (40) and (A.14) to arrive at
∞∑
n=0
1
n!
Σ˜
(n)
2 (0) V˜
µ1µ2µ3
NL, n (q1, q2, q3) =
∞∑
n=0
1
n!
Σ˜
(n)
2 (0)
{
1
2
T µ1µ2(q1, q2) A˜µ3n (q1, q2|q3)
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+
1
4
Aµ1, µ2µ3(q1) A˜n(q1, q2 + q3)− 1
4
Aµ2, µ1µ3(q2) A˜n(q1 + q3, q2)
}
→ Σ˜2(q21)
{
1
2
Aµ1, µ2µ3(q1) +
(2q1 + q3)
µ3
(q1 + q3)2 − q21
T µ1µ2(q1, q2)
}
. (B.3)
In the last step we have compactified the expression by exploiting the fact that the summation
over all permutations has to be performed and that ǫjkl is totally antisymmetric. Moreover,
the factor (2π)4 δ(4)(q1 + q2 + q3) has been suppressed.
The four-point gauge-boson interaction is modified according to
V1, µ1
q1
V2, µ2
q2
V3, µ3
q3
V4, µ4
q4
: ig22
{
B2
∞∑
n=0
1
n!
Σ˜
(n)
2 (0)
∑
perm
ηjklm V˜
µjµkµlµm
NL, n (qj , qk, ql, qm)
+ B413 Σ˜4([q1 + q3]
2)
(
gµ1µ2gµ3µ4 − gµ1µ4gµ2µ3
)
+ B414 Σ˜4([q1 + q4]
2)
(
gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4
)}
, (B.4)
with the various couplings given by
V1V2V3V4 B2 B413 B414
W+W−ZZ −c2w 0 0
W+W−Zγ swcw 0 0
W+W−γγ −s2w 0 0
W+W+W−W− 1 1 1
(B.5)
The sum over the permutations involves all permutations (j, k, l,m) of the labels (1, 2, 3, 4) and
ηjklm =


0 if (j, k, l,m) = (1, 3, 2, 4) , (4, 2, 3, 1) or any 1↔ 2 , 3↔ 4 permutation
+1 if (j, k, l,m) = (1, 3, 4, 2) , (4, 2, 1, 3) or any 1↔ 2 , 3↔ 4 permutation .
−1 if (j, k, l,m) = (1, 2, 3, 4) , (3, 4, 1, 2) or any 1↔ 2 , 3↔ 4 permutation
(B.6)
Now we can make use of Eqs. (40) and (A.14) to arrive at
∞∑
n=0
1
n!
Σ˜
(n)
2 (0) V˜
µ1µ2µ3µ4
NL, n (q1, q2, q3, q4) =
∞∑
n=0
1
n!
Σ˜
(n)
2 (0)
{
1
2
T µ1µ2(q1, q2) A˜µ3µ4n (q1, q2|q3, q4)
+
1
4
Aµ1, µ2µ4(q1) A˜µ3n (q1, q2 + q4|q3)−
1
4
Aµ2, µ1µ3(q2) A˜µ4n (q1 + q3, q2|q4)
− 1
4
gµ1µ2 gµ3µ4 A˜n(q1 + q3, q2 + q4)
}
→ Σ˜2(q21)
T µ1µ2(q1, q2)
q21 − q22
{
gµ3µ4 +
(2q2 + q4)
µ4(2q1 + q3)
µ3
(q1 + q3)2 − q21
}
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− 1
4
Σ˜2([q1 + q3]
2)
{
gµ1µ2gµ3µ4 + 2
(2q1 + q3)
µ3
(q1 + q3)2 − q21
(2q2 + q4)
µ4
(q2 + q4)2 − q22
T µ1µ2(q1, q2)
}
+
1
2
(2q1 + q3)
µ3
(q1 + q3)2 − q21
Aµ1, µ2µ4(q1)
{
Σ˜2(q
2
1)− Σ˜2([q1 + q3]2)
}
. (B.7)
In the last step we have again exploited the symmetry properties of the summation over all
permutations.
The non-local action SΦNL in Eq. (54) also contains explicit interactions between gauge bosons
and physical/unphysical Higgs bosons. The contribution to the interaction between one scalar
particle and two gauge bosons reads
S
q
V1, µ1
q1
V2, µ2
q2
:
ig2
MW
T µ1µ2(q1, q2)
{
sw
cw
[
C31 Σ˜3(q
2
1) +C32 Σ˜3(q
2
2)
]
+ C41 Σ˜4(q
2
1) +C42 Σ˜4(q
2
2)
}
,
(B.8)
with the various couplings given by
SV1V2 C31 C32 C41 C42
HZZ −swcw −swcw c2w c2w
HZγ s2w −c2w −swcw −swcw
Hγγ swcw swcw s
2
w s
2
w
φ∓ZW± sw 0 −cw 0
φ∓γW± cw 0 sw 0
(B.9)
For the interaction between two scalar particles and two gauge bosons we obtain
V1, µ1
q1
V2, µ2
q2
S1
q3
S2
q4
:
ig22
2M2W
T µ1µ2(q1, q2)
{
sw
cw
[
D31 Σ˜3(q
2
1) +D32 Σ˜3(q
2
2)
]
+D41 Σ˜4(q
2
1)
+D42 Σ˜4(q
2
2) + 2D413 Σ˜4([q1 + q3]
2) + 2D414 Σ˜4([q1 + q4]
2)
}
,
(B.10)
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with the various couplings given by
V1V2S1S2 D31 D32 D41 D42 D413 D414
ZZHH −swcw −swcw c2w c2w c2w c2w
ZγHH s2w −c2w −swcw −swcw −swcw −swcw
γγHH swcw swcw s
2
w s
2
w s
2
w s
2
w
ZZχχ −swcw −swcw c2w c2w 0 0
Zγχχ s2w −c2w −swcw −swcw 0 0
γγχχ swcw swcw s
2
w s
2
w 0 0
ZZφ+φ− swcw swcw −c2w −c2w 0 0
Zγφ+φ− −s2w c2w swcw swcw 0 0
γγφ+φ− −swcw −swcw −s2w −s2w 0 0
ZW±φ∓H sw 0 −cw 0 0 −cw
γW±φ∓H cw 0 sw 0 0 sw
ZW±φ∓χ ±isw 0 ∓icw 0 0 0
γW±φ∓χ ±icw 0 ±isw 0 0 0
W+W−φ+φ− 0 0 0 0 0 1
W±W±φ∓φ∓ 0 0 0 0 1 1
(B.11)
In addition new interactions emerge between one scalar particle and three gauge bosons:
V1, µ1
q1
V2, µ2
q2
V3, µ3
q3
S
q4
:
ig22
MW
{
Aµ1, µ2µ3(q1)
[
sw
cw
E31 Σ˜3(q
2
1) + E41 Σ˜4(q
2
1) + E414 Σ˜4([q1 + q4]
2)
]
+ Aµ2, µ1µ3(q2)
[
sw
cw
E32 Σ˜3(q
2
2) + E42 Σ˜4(q
2
2) + E413 Σ˜4([q1 + q3]
2)
]}
,
(B.12)
with the various couplings given by
V1V2V3S E31 E32 E41 E42 E413 E414
ZZW±φ∓ ∓swcw ∓swcw ±c2w ±c2w 0 0
ZγW±φ∓ ±s2w ∓c2w ∓swcw ∓swcw 0 0
γγW±φ∓ ±swcw ±swcw ±s2w ±s2w 0 0
ZW+W−H sw 0 −cw 0 0 −cw
γW+W−H cw 0 sw 0 0 sw
W±W±W∓φ∓ 0 0 0 0 ±1 ±1
(B.13)
The non-local action SHNL in Eq. (64) modifies the three- and four-point interactions between
the physical and unphysical Higgs bosons. The contribution to the scalar three-point interaction
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is
S1
q1
S2
q2
S3
q3
:
i
v
[
C
(3S)
1 Σ˜H(q
2
1) + C
(3S)
2 Σ˜H(q
2
2) + C
(3S)
3 Σ˜H(q
2
3)
]
, (B.14)
with the various couplings given by
S1S2S3 C
(3S)
1 C
(3S)
2 C
(3S)
3
HHH 1 1 1
Hχχ 1 0 0
Hφ+φ− 1 0 0
(B.15)
The contribution to the scalar four-point interaction is
S1
q1
S2
q2
S3
q3
S4
q4
:
i
v2
[
C
(4S)
12 Σ˜H([q1+q2]
2)+C
(4S)
13 Σ˜H([q1+q3]
2)+C
(4S)
14 Σ˜H([q1+q4]
2)
]
, (B.16)
with the various couplings given by
S1S2S3S4 C
(4S)
12 C
(4S)
13 C
(4S)
14
HHHH 1 1 1
χχχχ 1 1 1
HHχχ 1 0 0
HHφ+φ− 1 0 0
χχφ+φ− 1 0 0
φ+φ+φ−φ− 0 1 1
(B.17)
The local scalar three- and four-point interactions can be obtained by simply replacing Σ˜H(q
2)
by −M2H .
The non-local action StNL in Eq. (71), finally, modifies various three- and four-point interac-
tions between fermions and bosons. We start with the contribution to the interaction between
one scalar particle and two fermions:
S
q
f¯2
p′
f1
p
:
i
v
[
C+ ω+ Σ˜t(p
2) + C− ω− Σ˜t(p
′2)
]
, (B.18)
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with ω± = (1± γ5)/2. The various couplings are given by
Sf1f¯2 C+ C−
Htt¯ 1 1
χtt¯ −i i
φ−tb¯ −√2 0
φ+bt¯ 0 −√2
(B.19)
The local top-quark Yukawa interactions can be obtained by simply replacing Σ˜t(q
2) by −mt.
Owing to the path-ordered exponentials U1,3, the above interaction can be extended by attaching
an additional neutral gauge boson N1:
S
q
N1, µ1
q1
f¯2
p′
f1
p
:
i
v
G(N1)
∞∑
n=0
1
n!
Σ˜
(n)
t (0)
[
C+ ω+ A˜µ1n (q−p′, p|q1) + C− ω− A˜µ1n (−p′, q+p|q1)
]
→ i
v
G(N1)
[
C+ ω+ (p+ p
′ − q)µ1 Σ˜t([q − p
′]2)− Σ˜t(p2)
(q − p′)2 − p2
+ C− ω− (p+ p
′ + q)µ1
Σ˜t(p
′ 2)− Σ˜t([p+ q]2)
p′ 2 − (p+ q)2
]
. (B.20)
The couplings C± are the same as without the neutral gauge boson and the generalized gauge
coupling G(N1) is defined as
G(Nj) = {−Qt e;−Qt e sw/cw; gsTaj} for Nj = {γ;Z; gaj}, (B.21)
with Qt = 2/3 denoting the charge of the top-quark in units of e. The part of StNL that
originates from the non-zero vacuum expectation value of the Higgs, St, vNL , involves fermions
and gauge bosons only [see Eq. (74)]. The corresponding Feynman rules resemble the ones
derived in Sect. 3. For the three- and four-point interactions we find
N1, µ1
q1
t¯
p′
t
p
: iG(N1)
∞∑
n=0
1
n!
Σ˜
(n)
t (0) A˜µ1n (−p′, p|q1)
→ iG(N1) (p+ p′)µ1 Σ˜t(p
′ 2)− Σ˜t(p2)
p′ 2 − p2 , (B.22)
N1, µ1
q1
N2, µ2
q2
t¯
p′
t
p
: i
∞∑
n=0
1
n!
Σ˜
(n)
t (0)
[
G(N1)G(N2) A˜µ1µ2n (−p′, p|q1, q2) + (1↔ 2)
]
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→ i G(N1)G(N2)
p′ 2 − p2
[
(p′ + p+ q2)
µ1
p′ 2 − (p+ q2)2
(2p+ q2)
µ2
p2 − (p+ q2)2
{[
p2 − (p+ q2)2
]
Σ˜t(p
′ 2)
+
[
p′ 2 − p2
]
Σ˜t([p+ q2]
2) +
[
(p+ q2)
2 − p′ 2
]
Σ˜t(p
2)
}
+ gµ1µ2
{
Σ˜t(p
′ 2)− Σ˜t(p2)
}]
+ (N1, µ1, q1)↔ (N2, µ2, q2). (B.23)
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